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The functor from regular biframes to frames, taking ﬁrst parts, is shown to be faithful.
This result is used to provide many examples of identical embeddings which are
epimorphisms in the category of frames. Then the congruence frame, regarded as a
biframe, is characterized as being the unique regular biframe extension. This provides a
pointfree analogue to a result of Salbany (1970, 1974 [16]) that the forgetful functor from
completely regular bitopological spaces to all topological spaces, taking ﬁrst parts, has a
unique section.
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1. Introduction
In this paper, we investigate some properties of the congruence lattice of a frame (which is itself a frame) and compare
these with similar properties of the Skula topology. These structures display formally similar properties, but differ in several
respects. The Skula topology of a space is the coarsest topology containing the open sets and the closed sets of the original
space (also referred to as the front topology [20] or b-topology [21]). The congruence frame is generated by the closed
congruences and their complements, the open congruences; this is formally similar to the way that the Skula topology is
generated. However, the congruence frame of the opens of a topological space need not be isomorphic to the opens of the
Skula topology. Indeed, Simmons [20] characterizes those spaces for which these are isomorphic as the corrupt or weakly
scattered ones. (See also [7].) The congruence lattice of a frame has been studied in various other ways, for instance, using
nuclei or sublocales and is also referred to as the assembly or the dissolution locale. (See [2,10–12,14,15,20].)
Salbany, in [16], proves the following remarkable result: the functor from completely regular bitopological spaces to all
topological spaces, taking ﬁrst parts, has a unique right inverse (section). This section is given by the Skula topology, which
can be viewed as a bispace, with ﬁrst topology the original and second topology generated by the closed sets of the original.
Indeed, it was Salbany who ﬁrst realized the value of viewing the Skula topology as a bispace. The bitopological or biframe
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and the like. (See [13].) This explains our use of the word “asymmetric” in this paper.
Salbany’s result should be contrasted with the fact that the functor from quasi-uniform spaces to topological spaces
which takes the ﬁrst topology has many sections. (See Brümmer [5].) In the context of quasi-uniform spaces it is very
natural to focus on completely regular bispaces, but in fact, Salbany’s result holds for the same functor from regular bispaces.
Ferreira and Picado [8,9] extend some of Brümmer’s results to the pointfree setting by establishing the existence of
many pseudosections of the functor from quasi-uniform frames to frames which takes ﬁrst parts. In [10], the congruence
frame, viewed as a biframe, was shown to provide a pseudosection for the functor from completely regular biframes to
frames (that takes ﬁrst parts). In this paper, we show that, in fact, this functor from regular biframes to frames has a unique
pseudosection, provided by the congruence frame viewed as a biframe. This is the pointfree version of Salbany’s result. (See
Proposition 4.6.) We note that while these results are formally similar, their methods of proof are quite different.
It is well known that every frame can be embedded into its congruence frame and that the embedding is an epimorphism
in the category of frames. In this paper we generalize this result by showing that the identical embedding of the ﬁrst part of
any regular biframe into its total part, is an epimorphism. (See Corollary 3.3.) To prove this fact, we make use of the result
that the functor from (completely) regular biframes to frames taking ﬁrst parts is faithful. This is a non-trivial analogue of
the trivial statement that the corresponding functor from (completely) regular bispaces to spaces, is faithful. These results
are used to establish the uniqueness of the pseudosection referred to above.
Just as Salbany’s view of the Skula topology from a bitopological perspective provided considerable insight, it seems that
looking at the congruence frame as a regular biframe results in a similarly productive approach.
2. Preliminaries
2.1. Frames and biframes
See [15,12,22] as references for frame theory. Most of the biframe notions in Deﬁnition 2.1 appear in the literature: see
[1,9,17–19].
Deﬁnition 2.1.
1. (a) A frame L is a complete lattice in which the distributive law
x∧
∨
{y: y ∈ Y } =
∨
{x∧ y: y ∈ Y }
holds for all x ∈ L, Y ⊆ L. A frame map is a set function between frames which preserves ﬁnite meets and arbitrary
joins, and thus also the top (denoted 1) and the bottom (denoted 0) of the frame. The category of frames and frame
maps is denoted Frm.
(b) If an element x of a frame L has a complement, that complement will be denoted by x′ .
2. (a) A biframe L is a triple L = (L0, L1, L2) in which L0 is a frame, L1 and L2 are subframes of L0, and L1 ∪ L2 generates
L0. We call L0 the total part, L1 the ﬁrst part and L2 the second part of the biframe L.
(b) A biframe map h : L → M is a frame map from L0 to M0 such that the image of Li under h is contained in Mi for
i = 1,2. We call the restriction h|L0 the total part of the map h and h|L1 = h1 and h|L2 = h2 its ﬁrst and second parts
respectively.
(c) BiFrm is the category of biframes and biframe maps.
(d) In what follows, in the context of biframes, we will reserve the subscript i for reference to ﬁrst and second parts
only.
3. A biframe map h : L → M is dense if its total part is a dense frame map, i.e. a = 0 whenever h(a) = 0, for any a ∈ L0.
4. A biframe map is onto if its ﬁrst and second parts are onto. It is 1− 1 if it is 1− 1 on the total part and an isomorphism
if it is 1− 1 and onto.
5. For L a biframe and x, y ∈ Li , we deﬁne y ≺i x to mean that there exists c ∈ Lk (k = 1,2, k 
= i) such that y ∧ c = 0 and
x∨ c = 1. We note that x ≺i x means that x has a complement, x′ in L0, with x′ ∈ Lk , for k 
= i.
6. A biframe L is regular if each x ∈ Li (i = 1,2) can be expressed as a join x =∨{y ∈ Li | y ≺i x}. The full subcategory of
BiFrm consisting of the regular biframes will be denoted RegBiFrm.
7. A biframe L is strictly zero-dimensional if each x ∈ L1 has a complement x′ in L0 with x′ ∈ L2; and L2 is generated by
these complements. (A biframe would also be called strictly zero-dimensional if it satisﬁes this condition with L1 and
L2 interchanged; but in this paper, we will not need the second version.)
8. The functor U1 : RegBiFrm → Frm takes ﬁrst parts, that is, for any biframe M = (M0,M1,M2) and biframe map h, we
have U1(M) = M1 and U1(h) = h1.
2.2. Congruences
We regard the following deﬁnitions and facts as well known (see [10,11,9]).
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2. The collection of all congruences on a frame L is also a frame, denoted CL.
3. For any frame map h : L → M , deﬁne the function Ch : CL → CM given by Ch(θ) = 〈(h × h)[θ]〉, the congruence gener-
ated by (h × h)[θ]. Ch is a frame map.
4. C : Frm → Frm, deﬁned on objects and morphisms as explained above, is a functor.
5. For a ∈ L, ∇a = {(x, y) ∈ L × L: x ∨ a = y ∨ a} and a = {(x, y) ∈ L × L: x ∧ a = y ∧ a} are congruences on the frame
L, which are complements of each other in the frame CL. We set ∇L = {∇a: a ∈ L} and let L be the subframe of CL
generated by {a: a ∈ L}.
6. The map ∇L : L → CL given by ∇(a) = ∇a , is a one-to-one frame map, so L is isomorphic to ∇L. Further, the map
∇L : L → CL has the following property: for any frame map h : L → M such that, for all x ∈ L, h(x) has a complement in
M , there exists a unique frame map h¯ : CL → M such that h¯ ◦ ∇L = h.
7. For any frame L, Sk(L) = (CL,∇L,L) is a strictly zero-dimensional, and hence regular, biframe, called the Skula biframe
of L.
8. For any frame map h : L → M , the map Skh : Sk L → SkM given by Skh(θ) = Ch(θ), is a biframe map.
9. Sk : Frm → BiFrm, deﬁned on objects and morphisms as explained above, is a functor.
Example 2.2. As a simple example of a Skula biframe, we note that, if L is a ﬁnite frame, i.e. a ﬁnite distributive lattice, then
Sk(L) ∼= (2n, L, Lop), where Lop is obtained from L by reversing the order, 2 is the two-element frame and n is the number
of join-irreducibles in L. (See [6, p. 144].) In particular, Sk(3) = (4,3,3), where 3 is the three-element chain and 4 is the
four-element Boolean algebra.
3. A faithful functor
At the conference “Aspects of Contemporary Topology IV,” Guillaume Brümmer asked the question: “Is the func-
tor from quasi-uniform (bi)frames to frames, taking ﬁrst parts, faithful?” We refer to p. 287 of [9] for the detailed
deﬁnition of the functor in question. Since the forgetful functor from quasi-uniform (bi)frames to completely regular
biframes is faithful anyway, it suﬃces to show that the functor from completely regular biframes to frames (which takes
ﬁrst parts), is faithful. Corollary 3.2 gives a positive answer to this question; indeed, something slightly more general
holds:
Proposition 3.1. Let L be a regular biframe, M a biframe and f , g : L → M biframe maps such that f1 = g1 . Then f = g.
Proof. Take x ∈ L2. We show that f (x) = g(x). Write x =∨{z ∈ L2 | z ≺2 x}, using regularity of L. Then f (x) =∨{ f (z) | z ≺2
x}. Take such z. There exists c ∈ L1 with z∧ c = 0 and c∨ x = 1. Then f (z)∧ f (c) = 0 and g(c)∨ g(x) = f (c)∨ g(x) = 1 since
f (c) = g(c). Then f (z) ≺2 g(x), so f (z) g(x) which gives f (x) g(x). By symmetry, f (x) = g(x). The result then follows,
since L0 is generated by L1 ∪ L2. 
Recall from Deﬁnition 2.1 that U1 : RegBiFrm → Frm is the functor taking ﬁrst parts.
Corollary 3.2. The functor U1 is faithful.
Proof. Recall that a functor T :A→ B is deﬁned to be faithful if, for any two morphisms f , g : A → A′ in A with T f = T g ,
it follows that f = g . 
It turns out that Proposition 3.1 has a useful consequence in the theory of frames, as opposed to biframes, namely:
Corollary 3.3. For any regular biframe L, the identical embedding L1 → L0 is an epimorphism in Frm.
Proof. Let L be a regular biframe, i : L1 → L0 be the identical embedding and h,k : L0 → M be frame maps to a frame M ,
such that hi = ki. Apply Proposition 3.1 to h,k : (L0, L1, L2) → (M,M,M) to obtain h = k. Alternatively, the proof of Propo-
sition 3.1 applies. 
We remark that the embedding of a frame into its congruence frame, via ∇L : L → CL is a famous epimorphic embedding
of frames which is (usually) not onto. Corollary 3.3 now gives many more examples of such.
4. The Skula functor is the unique regular biframe extension
The primary aim of this section is to establish Proposition 4.6, which characterizes the congruence frame in an asym-
metric way: viewing the congruence frame as a biframe (the Skula biframe) is an essential ingredient in this result.
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1. F is a functor from Frm to RegBiFrm.
2. i F is a natural isomorphism from 1Frm to U1F .
We write F (L) = (F0(L), F1(L), F2(L)) and use iFL to denote the isomorphism iFL : L → F1(L) or the composite of this
isomorphism with the identical embedding of F1(L) into F0(L), so that iFL : L → F1(L) → F0(L).
The terminology of Deﬁnition 4.1 is based on that of [10]; in the terminology of [9], a regular biframe extension would
be a pseudosection of the functor U1.
Results analogous to Propositions 4.2, 4.3 and 4.4 have appeared in [10] and [9], in the context of complete regularity
instead of regularity. Since the description provided by Proposition 4.4 is crucial for what follows, we provide the proofs
from [10], adapted to the regular setting.
Proposition 4.2. (Sk,∇) is a regular biframe extension.
Proof. The ﬁrst property of a regular biframe extension was listed in Section 2.2. We check the second: For any frame L, the
required isomorphism is ∇L : L → ∇L. For any frame map h : L → M and a ∈ L, we have (Skh ◦ ∇L)(a) = ∇h(a) = (∇M ◦ h)(a),
as required for naturality. 
Proposition 4.3. Let (F , i F ) be a regular biframe extension. Then F (3) ∼= Sk(3), where 3 is the three-element chain.
Proof. Denote the middle element of 3 by m. Since F (3) is a regular biframe, i F (3)(m) = ∨{t ∈ F1(3): t ≺1 i F (3)(m)}. We
must then have that i F (3)(m) ≺1 i F (3)(m) (the other two elements of F1(3) being ineligible), so there is s ∈ F2(3) such
that s ∧ i F (3)(m) = 0 and s ∨ i F (3)(m) = 1. So F1(3) is complemented by elements of F2(3). Now suppose t ∈ F2(3); then
t =∨{s ∈ F2(3): s ≺2 t}. For such an s, we can ﬁnd r ∈ F1(3) such that s ∧ r = 0 and r ∨ t = 1. Then r′ satisﬁes s  r′  t ,
and r′ ∈ F2(3). So t is a join of complements of members of F1(3). But F1(3) has only the three elements 0, i F (3)(m) and 1,
so F (3) is evidently isomorphic to Sk(3). 
Proposition 4.4. Let (F , i F ) be a regular biframe extension. For each frame L, the biframe F (L) is strictly zero-dimensional; that is,
each element of F1(L) is complemented in F0(L), with complement in F2(L);moreover, each element of F2(L) is a join of complements
of elements of F1(L).
Proof. Again, we denote the middle element of 3 by m. For each a ∈ L, deﬁne fa : 3 → L by fa(m) = a. Then F fa(i F (3)(m)) =
iFL( fa(m)) = iFL(a) and F fa(i F (3)(m))′ is an element of F2(L) and is clearly the complement of iFL(a). We have thus
exhibited a complement for each element of F1(L), since iFL is an isomorphism. Now suppose that t ∈ F2(L). Then
t = ∨{s ∈ F2(L): s ≺2 t}. Select r ∈ F1(L) such that s ∧ r = 0 and r ∨ t = 1. Then s  r′  t and t is thus a join of com-
plements of elements of F1(L). 
Proposition 4.5. Let (F , i F ) be a regular biframe extension and f : L → M a framemap such that, for all x ∈ L, f (x) has a complement
in M. Then there exists a unique frame map fˆ : F0(L) → M such that fˆ ◦ iFL = f , so the following diagram commutes:
L
iFL
f
F0(L)
fˆ
M
Proof. Let (F , i F ) be a regular biframe extension and f : L → M a frame map such that, for all x ∈ L, f (x) has a complement
in M . By assumption, there exists a biframe map F f : F (L) → F (M) such that F f (iFL(x)) = iFM( f (x)) for all x ∈ L, so that
both squares in the diagram below commute.
L
∼
f
F1(L)
F f
F0(L)
F f
M
∼ F1(M) F0(M)
As a ﬁrst step, we check that, for all c ∈ F0(L), (F f )(c) ∈ F1(M).
First take a ∈ F1(L); then a = iFL(x) for some x ∈ L. Then (F f )(a) = (F f )(iFL(x)) = iFM( f (x)) ∈ F1(M). Also (F f )((iFL(x))′) =
((F f )(iFL(x)))′ = (iFM( f (x)))′ = iFM(( f (x))′) ∈ F1(M).
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b =
∨{(
iFL(x)
)′ ∣∣ x ∈ L and (iFL(x)
)′  b}.
Then
(F f )(b) =
∨{
(F f )
(
iFL(x)
)′ ∣∣ x ∈ L and (iFL(x)
)′  b}
=
∨{
iFM
((
f (x)
)′) ∣∣ x ∈ L and (iFL(x)
)′  b}
= iFM
(∨{((
f (x)
)′) ∣∣ x ∈ L and (iFL(x)
)′  b}
)
∈ F1(M).
Finally, since F0(L) is generated by F1(L) ∪ F2(L), we have that (F f )(c) ∈ F1(M) for all c ∈ F0(L).
The map fˆ is then deﬁned by fˆ = i−1FM ◦ F f , as illustrated below. It has the desired property, since fˆ ◦ iFL = i−1FM ◦(F f ◦ iFL) =
i−1FM ◦ (iFM ◦ f ) = f .
L
∼
f
F1(L) F0(L)
fˆ
F f
M
∼
i−1FM
F1(M) F0(M)
Uniqueness of fˆ follows directly from iFL : L → F0(L) being an epimorphism in Frm, which is a consequence of Corol-
lary 3.3. 
Proposition 4.6. Let (F , i F ) be a regular biframe extension. For any frame L, the biframes Sk(L) and F (L) are isomorphic.
Proof. Note that (Sk,∇) is a regular biframe extension (by Proposition 4.2) and the maps ∇L : L → CL and iFL : L → F0(L)
both have the property that their images consist of complemented elements. So there exist frame maps p : CL → F0(L) and
q : F0(L) → CL such that p ◦ ∇L = iFL and q ◦ iFL = ∇L , as illustrated in the diagram below.
L
∇L
iFL
CL
p
q
F0(L)
Then (pq)iFL = p∇L = iFL and, similarly, (qp)∇L = qiFL = ∇L . Since ∇L and iFL are both frame epimorphisms by Corollary 3.3,
pq = idF0(L) and qp = idCL . This shows that the total parts of the biframes Sk(L) and F (L) are isomorphic.
To complete the proof, we show that the maps p : Sk(L) → F (L) and q : F (L) → Sk(L) are biframe maps, and in fact,
biframe isomorphisms. For a ∈ F1(L), a = iFL(x) for some x ∈ L. So q(a) = qiFL(x) = ∇L(x), as required. For b ∈ F2(L), b is a
join of elements of the form (iFL(x))′ , for x ∈ L, and q((iFL(x))′) = (qiFL(x))′ = (∇L(x))′ = x , as required. So q is a biframe
map. A similar argument shows that p is a biframe map. Since p and q are frame isomorphisms, they are one-to-one. The
fact that q is onto follows from q(iFL(x)) = ∇L(x) and q((iFL(x))′) = (∇L(x))′ = x . A similar argument shows p onto; so p
and q are indeed biframe isomorphisms. 
We note that, in the terminology of [9], Proposition 4.6 shows that the functor U1 has a unique pseudosection. We
conclude with an example that emphasizes the crucial rôle of functoriality in the uniqueness result of Proposition 4.6.
Example 4.7. This example shows that it is possible to have a frame L and two non-isomorphic biframes, both of which are
strictly zero-dimensional and have ﬁrst parts isomorphic to L.
For any frame M , let M∗∗ be its Booleanization; i.e. M∗∗ = {x∗∗: x ∈ M}, where x∗ =∨{z ∈ M: z∧x = 0}. It is well known
(see [3,12], for example) that M∗∗ is a Boolean frame and is the smallest dense quotient of M . For any biframe N , let N∗∗
denote the biframe with total part {x∗∗: x ∈ N0} and i-th part {x∗∗: x ∈ Ni}. For any frame L, the biframes Sk L and (Sk L)∗∗
are both strictly zero-dimensional and have ﬁrst parts isomorphic to L. To ensure that Sk L and (Sk L)∗∗ are not isomorphic,
it suﬃces to choose L so that CL is not Boolean. Such L abound (see [4] and [20]), but using L as the frame of open sets of
the reals will do.
It is interesting to note that the examples provided in Example 4.7 are extreme in the following sense:
Proposition 4.8. Let L be a frame and suppose that M = (M0,M1,M2) is a strictly zero-dimensional biframe in which M1 is isomor-
phic to L. Then there exist dense onto biframe maps f : Sk L → M and g : M → (Sk L)∗∗ with g f the canonical quotient map from
Sk L → (Sk L)∗∗ .
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follows from the fact that f turns out to be dense and onto and (CL)∗∗ is the smallest dense quotient of CL. The fact that
these maps are biframe maps follows by arguments similar to those in the rest of the paper. 
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